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I.  INTRODUCTION 


The  design  of  an  antenna  array  whose  performance  can  be 
optimized  in  some  specific  sense  when  the  array  is  utilized  to  receive 
a  signal  buried  in  a  general  noisy  medium  can  be  accomplished  through 
noise  theory  considerations  and  correlation  techniques.  In  this  report, 
the  correlation  coefficient  of  the  noise  voltage  will  be  shown  to  relate 
the  noise  power  received  to  the  element  spacing  in  a  linear  antenna 
array.  Then,  antenna  arrays  employing  multiplicative  and  time 
averaging  circuitry  which  implements  the  definition  of  correlation 
coefficient  will  be  examined  in  some  detail  in  order  to  determine  thoir 
voltage  response  patterns  and  their  resolution  characteristics. 

For  the  purpose  of  this  analysis  assume  that  the  noise  sources 
are  spherically  distributed  and  are  bti.istically  independent.  The 
voltage  .>roduced  on  an  isotropic  antenna  by  the  noise  originating  in  i 
element  of  solid  angle  dfl  can  be  represented  by  the  usual  Fourier 
series; 


00 

x(t)  =  ^  C  aj,  C08(2Trfj^t)  +  bj^  8in(2iTfj^t)] 
ksO 

where 

lim  T-  E  =  0, 

T->oo 

lim  T-E{b  b  }  =  0, 
r->  00 

lim  T-E{a  b  }  =  0 
T-^oo  " 

lim  T.E{a^}=lim  T.  E{b^}  =  2  W(f  ), 

T^  00  T->  ao  ^  ” 

In  this  representation,  the  coefficients  aj^  and  bj^  are  distributed 
normally  with  means  zero;  E  is  the  expectation  operator,  vtnd  W{f) 
is  the  (two-sided)  power  spectral  density  induced  on  the  amv^nna 
element  by  the  source. 


for  m  n 
for  m  ^  n 
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(II.  SIMPLE  ADDING  OPERATIONS) 


The  noise  voltage  will  be  applied  to  the  elements  of  a  linear 
antenna  array.  Each  element  will  be  connected  to  an  individual 
amplifier  and  phase  shifter.  The  output  of  each  antenna-amplifier- 


#1  #2  #M 


OUTPUT 


phaseshifter  circuit  connected  to  a  combining  network  which  will 
operate  on  the  individual  element  voltages  to  provide  an  optimum 
output  voltage  from  the  total  array.  In  this  report,  the  effect  of 
additive  and  multiplicative  operations  in  the  combining  network  will 
be  considered. 

II.  SIMPLE  ADDING  OPERATIONS  IN  THE  COMBINING  NETWORK 
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(II,  SIMPLE  ADDING  OPERATIONS) 


Conaider  two  elements,  i  and  j,  displaced  vertically  in  the 
spherical  coordinate  system  as  shown,  with  a  distance  d.j  between 
them,  Then  the  voltage  produced  in  one  element  by  a  point  noise 
source  located  at  6^,  <||q  would  be  displaced  in  time  from  that  produced 
in  tlie  other  element  by  the  factor  (d.j/c)  cos  6^^. 

In  general  (with  R^{t)  representing  the  noise  voltage  induced  on 
element  i): 

GO 

n,(.)  =  I  cos  2fffj^(t  +  Tj)  +  bj^  sin  2Tffj^(t  +  t^) 
k=0 


00 


aj^  cos  2iryt  +  t.)  +  bj^  sin  2Trfj^'t  +  t.) 
k=0 

where  r.  and  t.  represent  time  displacements  relative  to  an  arbi.  ry 
^  J 
reference  point. 

If  n.(t)  is  the  voltage  that  would  be  produced  in  an  isotropic 
element,  then  the  voltage  in  an  actual  element  would  be  modified  by 
the  gain  in  field  intensity,  g(0,  ((>),  of  the  element. 


g(6,  <)>)  =  ‘J  C(  Q  '^  where  G(B,  <}>)  is  the  power  gain  pattern  of 
the  element. 

The  voltage  at  the  output  of  the  element-amplifier  circuit  could 
be  further  modified  by  the  phase  shifter.  In  this  analysis  it  will  be 
assumed  that  the  desired  signal  is  located  at  a  point  such  that  the 
signal  voltage  produced  on  all  elements  will  be  in  phase,  and  the  phase 
shifting  networks  can  then  be  ,<et  on  zero.  Thus  the  voltage  produced 
by  a  noise  source  located  at  0q,  will  appear  at  the  output  of  the 
antenna  element-amplifier  circuit  as 


Nj(t)  =  [gj(eQ  <{>q)  •  A..  n.(t)] 

It  is  assumed  that  all  amplifiers  have  the  same  bandwidth 
characteristics  with  center  frequency  f^  and  with  bandwidth  B,  The 
amplitude  of  the  gain  produced  by  each  amplifier  may  vary  from  that 
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•;iL  SIMPLE  ADDING  OPERATIONS) 


of  the  others;  the  amplitude  of  the  gain  of  the  i-th  amplifier  is  indicated 
by  A.. 

By  carrying  out  the  standard  analysis  of  the  narrow  band  gaussian 
process,  ^  it  can  be  shown  that  the  auri  of  M  clement  voltages  can  be 
represented  as 

M 

^  N.(t)  =  A(t)  cos  oj^t  +  B{t)  sin  tOpt  =■  C(t)  cos[(OQt  +'j>(<^)] 
isi 

where  A(t)  and  B{t)  are  distributed  normally  with 

E{A}  =  E{B}  =  0 

E{A(t)  A(8)}  =  E{B(t)  B(s)}  = 


vl 


M  M 


f  ® 


ns.  1  mrJ 

E{A(t)  3(8)}  r  -  E{B(t)  A(6})  = 


df 


vl 


B 
‘O"? 


M  M 


\  ^W(f;  )  y  g  g  A  A  co8  2irf(T  -t  )  sin  27r(f  -  fn)(t  -  b) 

J  _  L.  “n®m  n  m  '  n  m'  '0 


n-r  I  m-1 


df 


Tbe  amplitude  of  the  noise  voltage  at  the  output  of  the  system,  C(t), 
is  Rayleigh  distributed  with  parameter  a  ^  -  E{A^},  the  average  noise 
power  (unit  resistance)  in  the  output  circuit. 

The  noise  voltage  which  has  been  calculated  is  that  contributed 
by  a  single  point  noise  source.  The  total  noise  voltage  at  the  output 
of  the  antenna  network  is  then  the  sum  of  the  contributions  of  all  noise 
sources  (tnis  is  the  integral  over  the  sphere  in  the  case  of  continuously 
distributed  noise). 

The  average  noise  power  can  be  expressed  In  terms  of  the 
correlation  coefficient,  of  the  noise.  Assuming  a  continuous 
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(II.  SIMPLE  ADDING  OPERATIONS) 


distribution  of  noise  sources,  this  becomes 


M  M 

=  /  /  A.A.  R  (t..) 
Lt  1  j  n'  ii' 


i=lj=l 


where 


^0^ 2ir  ir 


^n^'^ij^  =  ^  J  J  J  i?  cos(2TrfT.  )  sin  0  d0  d(|)  df 

Iq- 5  0  0 

The  signal  voltage  is  -esumed  ro  be  produced  by  a  signal  source 
located  on  the  main  lobe  a::is  and  is,  therefore,  in  phase  on  of  the 

antenna  elements.  So  the  total  signal  voltage  in  the  output  circuit  of 
the  antenna  system  is 

M 

SI.) 

i=l 

and  the  signal  power  is 


M  m 


R3IO) 


i=lj=l 


where 


vl 

R^iO)  =  f  2Wg{f)  6f 

f  -  ® 

^0  1 


The  average  signal-to-noisc  power  ratio  in  the  output  circuit  is 
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(lU.  MULTlPL.iCATIVE  OPE)1ATIONS) 


This  equation  was  obtained  through  a  different,  though  equi- 

2 

valent,  line  of  reasoning  in  a  previous  report.  Since,  the  signal-to- 
noise  power  ratio  is  a  function  of  the  correlation  coefficient  of  the 
amplified  noise  voltage,  it  can  be  optimized  by  proper  choice  of 
spacing  between  the  antenna  elements.  For  a  given  number  of  elements 
in  the  array,  the  signal  power  is  fixed,  and  the  noise  power  is  mini¬ 
mized  by  proper  selection  of  element  spacing, 

III.  MULTIPLICATIVE  OPERATIONS  IN  THE  COMBINING  NETWORK 

The  combining  network  can  be  employed  to  multiply  together 
the  individual  clement  voltages.  For  practical  effectiveness  this 
requires  time  averaging  at  some  point  in  the  network.  This  combination 
of  multiplication  and  time  averaging  then  satisfies  the  definition  of  the 
correlatit  i  coefficient; 

T 

Rfr)  =  lim  -ia  \  n(t)  n(t  +  t)  dt. 

T->oo 

In  considering  practical  networks  that  can  be  used  to  carry  out 
this  correlation  process,  two  general  variables  arise:  (1)  possible 
combinations  of  the  multiplication  and  averaging  circuits,  and  (2) 
restriction  of  time  averaging  to  a  finite  time  interval.  The  first  of 
these  wiU  be  considered  for  single  frequency  signals  and  for  general 
random  signals  in  this  section.  The  second  will  be  discussed  in  the 
next  section. 

The  voltage  response  at  the  output  of  the  antenna  array  for  an 
arbitrary  angular  location,  <)>,  of  a  single  signal  source  will  be  defined 
as  the  directivity  pattern  of  the  array. 

A.  MONOCHROMATIC  SIGNALS 

The  antenna  directivity  patterns  which  result  when  individual 

element  voltages  induced  by  a  single  monochromatic  source  (negligible 

3  4 

noise)  are  correlated  have  been  investigated  by  several  researchers.  ' 
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(III.  MULTIPLICATIVE  OPERATIONS) 


In  general,  the  procedure  has  been  to  recall  the  directivity  patterns  of 
linear  additive  arrays  and  then  to  demonstrate  product  arrays  which 
will  give  equivalent  directivity  patterns. 

The  directivity  patterns  for  linear  arrays  with  constant  element 
spacir.g,  d,  can  be  expressed  by  one  of  two  series,  depending  on  an 
odd  or  an  even  number  of  elements  in  the  array, 

1.  For  an  array  of  2n+l  elements,  the  sum  pattern  is  given  by 

n 

P2n+l<^>  =  I  Aj^cosZku 
k=0 

where  u  =  (ndA }  sin  <|).  The  array  is  assumed  to  be  symmetrical  with 
respect  to  its  center  element,  Aq,  (A.  =  ■^-i^'  ^2n+  j{(}))  is  the  ampli¬ 

tude  gain  given  by  the  array  to  an  input  signal  sin  (wt +  «);).  The 
center  of  the  array  is  the  phase  reference, 

2.  A  linear  array  of  2n  elements  and  constant  spacing,  d,  has 
a  sum  pattern 


n 

k=l 

Again  symmetry  i.s  assumed,  so  B,  is  the  common  amplification  of 

^  1 

the  two  elements  which  have  distam-e  (k  -  )  d  from  the  array  center. 

Berman  and  Clay  have  described  an  array  in  which  pairs  of 
signals  are  multiplied  together  and  then  time  averaged.  The  output 
voltage  is  formed  by  multiplying  together  all  of  the  resulting  time 
averages.  With  this  procedure,  an  array  of  n  I-  1  elements,  with 
successive  elements  spaced  D,  2D,  4D,  •  •  • ,  Z^'  ^D  from  the  first 
element,  has  a  directivity  pattern  equivalent  to  that  of  a  2”  element 
additive  array  (equation  (2)  above)  with  constant  element  spacing  2D, 
In  this  case  the  product  array  is  about  one-fourth  the  length  of  the 
equivalent  linear  array.  Such  a  product  array  with  four  elements 
could  be  represented  as 
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(III.  MULTIPLICATIVE  OPEKATlUiVS; 


•*  A 

Urn  ^  ^  cos  wt  cos(ut  -  t^)  dt 


i=2  -T 


i=2 


With  proper  spacing  of  the  elements,  this  pattern  is  the  same  as  that 
of  an  eight- element  linear  array. 

A  second  possible  product  array  carries  out  all  desired 
multiplications  before  finally  time  averaging  the  product.  Analysis 
of  the  directivity  pattern  in  this  case  shows  a  smaller  saving  in  over¬ 
all  length  ovc-r  the  equivalent  linear  array  than  was  the  case  in  the 
first  product  array  discussed.  Again  a  four-element  example  is 
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(III.  MULTIPLICATIVE  OPERATIONS) 


T  4 

I  TT  •  ■"li^ 

T^oo  ^ 

•■  i  i~i 

With  proper  spacing  of  the  elements,  this  pattern  is  the  same  as  that 
of  a  six-element  linear  array. 

It  is  also  possible  to  start  with  two  elements  and  to  process 
the  element  voltages  to  get  directional  patterns  which  are  equivalent 
to  those  of  odd  or  even  element  additive  arrays. 
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(in.  MULTIPLICATIVE  OPERATIONS) 


Voltage  induced  on  element#!  sin(ut  +  i}*) 

Voltage  induced  on  element  #2  sin[ot  -(—  sin4>)+  li*] 


Output  01  multiplier  Y  =  sin(a>t+  i}j)  sin[ijt  -  8in<j))  +  iji] 

After  averaging  Y=  cos  sin  ((>  j 


And,  if  d  =  2s,  Y  = 


1  /  ird  .  ,  \ 

2  cos(y- 


1 

cos  u 


Brown  and  Rowlands  have  shown  how  to  use  this  function  to 
synthesize  a  directivity  pattern.  Using  the  relation 


T^{co8  u)  =  cos  nu  n  =  0,  1,  2,  ‘  ‘  • 

where  T^(x)  is  the  Chebyshev  polynomial  of  the  first  kind,  every  term 
in  the  cosine  series  of  the  desired  directivity  pattern  can  be  synthesized 
by  a  suitaole  combination  of  power  law  devices  operating  on  the  outp.. 
of  the  two-element  correlation  pair.  Arithmetically,  two  elements 
can  thus  be  made  to  give  a  directivity  pattern  equivalent  to  that  of  a 
linear  additive  array  of  any  arbitrary  length.  In  practice,  noise 
considerations,  ignored  in  these  pattern  calculations,  and  the  presence 
of  more  than  one  signal  source  would  limit  the  length  of  the  equivalent 
linear  array  which  could  be  synthesized.  These  points  will  be  con¬ 
sidered  in  more  detail  in  a  later  section. 


B.  BAND-LIMITED  RANDOM  SIGNALS,  GENERAL  CASE 

As  with  the  monochromatic  signals,  the  basic  unit  in  lue  study 
of  correlation  of  band-limited  random  signals  is  the  two-element  array. 
In  this  case  the  signal  can  be  described  only  in  statistical  terms,  and 
statistical  methods  can  be  utilized  to  describe  the  performance  of  the 
system.  As  before,  noise  will  be  neglected  in  initial  considerations 
and  will  enter  in  a  later  section.  Correlation  in  such  a  two-element 
array  is  directly  einalogous  to  the  operation  of  correlation  detectors, 

5 

which  have  been  described  in  the  literature.  Performance  of 
correlation  detectors,  however,  is  usually  studied  in  terms  not  directly 
applicable  to  the  description  of  the  characteristics  of  antenna  arrays. 
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(III.  MULTIPLICATIVE  OPERATIONS) 


The  voltages  induced  on  the  antenna  elements  are  stationary  and 
ergodic  random  functions  of  time  with  normal  distributions  and  are 
confined  to  2itB,  a  cloo“d  interval  in  u.  The  amplifiers  are  linear, 
time-invariant  networks  with  system  functions  H(a>)  =|  H(u))| 
and  G(w)  =  [  G((i))(  JFburier  transformable  into  the  impulse 

responses  h(!t)  and  g(t). 

For  each  set  of  the  ensemble  of  signal  functions,  the  Fourier 
expansion  is: 

N 

X,(t)  =  1 
i=l 

N 

i=l 


a.  co8(u.t  +  4>j) 


b.  C08(«jt  +  <(i^) 
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(III.  MULTLPLICATIVE  OPERATIONS) 


where 

~T 

1.  a^,  are  Rayleigh  distributed  with  a^  =  2*Vj^(fj)  6f  and 
^  5£,  with  W{f.)  as  the  power  density  over  a  frequency 

interval  6£  centered  at  f.; 

2"  4>j:j  4*^  have  uniform  distributions  over  (0,  Zir); 

3,  (Oq  is  the  lower  edge  of  the  band  of  width  B  cps,  and  ^ 

=  Uq  +  Ziri/T. 

Then 

N 

yi{t)  =  ^  a.  h.  co8{«.t  +  <}).  +q.) 
i=l 

N 

gi  cos(w.t  +  +  Y^) 

i=l 

After  multiplication 

N  N 

Y{t)  =  yi{t)y2{t)  ^ajbjgjh.j^2‘=os(a>.t  +  Wjt  +  (|>^+  +j+  ^1^+  Yj)  + 

i  coslw.t  '  u,t  +  4,  -  4'-  +  ’!•  -  Y-)  1  • 

I  1  j  '1  ’j'  J 

The  first  cosine  term  describes  a  band  of  frequencies  centered  at 
twice  the  mid-frequency  of  the  band-limited  signal,  and  the  second 
cosine  term  describee  the  dc  and  low  frequency  component  of  the 
output  voltage. 

After  averaging; 

CO 

V(t)  i  ^  abgh  cob(i?  ■  i''  +  H  -  y)  '!'*>■ 

0 

Now  in  this  antenna  case  x^it)  =  Xj(t)  So  a^  a  b^  and 

4ii  -  <|)j  +  MjT.  And  if  the  amplifiers  are  assumed  to  have  identical 
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(Ill,  MULTIPLICATIVE  OPERATIONS) 


phase  functions  and  constant  cunplitude  functions,  the  output  is 
00 

Wi  =  (G-  H)  j*  W(a))  cos  WT  dto  =  (G-  H)  R(t) 

0 

or  the  correlation  function.  For  this  normally  distributed  signal  with 
a  rectangular  frequency  function  (center  frequency  f^) 


m  =  (G-  H)  B  cos  ZTTfpT 

The  obvious  advantage  to  specifying  amplifiers  with  identical 
phase  functions  and  constant  amplitude  functions  is  that  this  leads 
directly  to  a  statemsiit  of  the  output  of  the  system  in  terms  of  the 
correlation  function  of  the  input  bandilimited  signal.  A  signal  which 
is  norn.ally  distributed  over  the  pass  band  of  the  amplifiers  can  b. 
analyzed  most  simply  through  its  characteristic  function.  As  a 
result  of  these  two  statements,  the  performance  of  correlation  arrays 
with  more  elements  can  be  determined  in  a  direct  manner. 

Before  considering  more  elements,  however,  it  is  useful  to 
point  out  the  self  noise  or  fluctuation  component  of  the  output  voltage 
of  the  multiplier  in  the  simple  two-element  correlator.  For  a 
normally  distributed  signal  source  located  in  the  principal  lobe  of  the 
two-element  array  (x  =0),  the  output  of  the  multiplier  has  a  Chi- 
square  distribution  whoic  mean  value  is  the  desired  array  output 
voltage,  and  whose  ac  component  is  me  °elf  noise  which  must  be 
minimized  by  time  avera.ging.  For  an  arbitrarily  located  source 
it  was  shown  previously  that  the  mean  value  is  proportional  to  R(t), 
the  correlation  coefficient.  The  variance  is  proportional  to 
[R(0)^+  R(t)^],  or 


(T^OC  R(t)^ 


Mii' 


This  variance  does  not  go  to  zero.  Its  vslue  decreases  by  1/Z  as  the 
signal  moves  from  the  main  lobe  to  a  position  where  its  mean  value 
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is  zero. 

As  an  evample  of  the  calculations  of  directivity  patterns  of 
correlation  arrays  with  a  greater  number  of  elements,  consider  a 
four-element  array. 


The  desired  output  voltage  is  simply  the  expected  value  of  the  product 
of  the  four  element  voltages. 

Ym  = 

And,  since  these  are  normally  distributed  band-limited  voltages,  this 
becomes 

Y(t)  =  [Vj{t)V2(t)j[v3(t.)V^(t)]+  [Vj(t)V3(t)][^V2(t)V4(t)]+|y,  (t)V^(t)]|^V2(t)V3(t)] 

ocR(Tj2)R{T3^)  +  R(Tj3)R(T^^)-f  R{Tj^)R(t23) 

With  a  rectangular  frequency  function,  each  correlation  coefficient 
has  the  form 

sinirB- 

R(Tij)  =  R(0)~^:^cos2vfpTj^ 
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And  with  relative  element  spacing  chosen  to  make  ^22  =  *^33  ~ 

and  dj^  =  2L,  the  mean  output  voltage  can  be  put  in  a  form  resembling 
the  directivity  pattern  of  a  uniform  linear  array. 


sin  BX  sin  2BX  ,  sin  2BX  sin  3BX  1 


1  fain  BX  sin  2BX 


1  L~55r 

1  fain  BX  sin  4BX 


— 5g!Sr“J''°® 

sin  5X  sin  4BX 


]  cos  .3(2fQX)  + 


sin  2BX  sin  3BX  1 


X  I  oAii  oxxi  ,  0X11  oxii  ^  JLJ4\  I  w  I 

•ZL-'SX - ?13r  +  “T5X - 5(2foX)j 

where  X  =  (irD/c)  sin  (p.  For  a  very  narrow  bandwidth  the  coefficients 
of  the  cosine  terms  approach  unity  and  the  directivity  pattern  of  this 
correlation  array  (length  4D)  is  the  same  as  that  of  a  six-element 
uniform  linear  array  (length  lOD).  As  the  bandwidth  increa,Be8,  these 
coefficients  influence  the  amplitude  of  the  sidelobe  structure  of  th 
directivity  pattern.  This  is  shown  in  Fig.  1  for  one  basic  spacing, 

D,  and  for  two  bandwidths. 

The  assumption  of  a  random  signal  source  with  a  normal 
distribution  permits  a  pattern  analysis  by  the  characteristic  function 
method.  The  characteristic  function  is 


ill 

r=js=l 

and  the  pattern  will  be  given  by  the  appropriate  coefficient  in  the 
expansion  of  this  function.  For  example,  consider  a  simple  three- 
element  array,.  The  directivity  pattern  will  be  given  by  ElVjV^V^}, 


F^(?)  =  Ei  c 


jljXj  +  jl2X2  +• 


=  exp 
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4>»  in  degrees 

FIG.  1. -Normalized  directivity  pattern,  four-e)er..ent 
correlation  array. 
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where  E{x}  is  the  expectation  operator.  This  will  be  the  coefficient 

in  the  power  series  expansion  of 

exp[-(l/2)  2:I:R(t  )f  g  ] 


E  {v^V2^V3j  oc  R(0)R(Tj3)  +  ZR(r  ^2)R(r 


If  we  assume  a  rectangular  frequency  function  and  relative  element 
apacings  d^^  =  E,  d23  =  3D,  the  directivity  pattern  can  be  written 


V 


iTain  BX  sin  3BX 

out“'lt"nK? - 3153?“ 


cos  ZiZfpX)  + 


f  sin  4BX  , 

,~TB3r“'^ 


sin  BX 
•■T3?-" 


a  in  3BX 

'  ~'TST~ 


CCS 


where  X  =  {ttD/c)  ain  4>, 

The  variance  of  the  output  voltage  io  a  measure  of  the  unwanted 

ac  power  which  must  be  reduced  by  time  averaging,  so  this  quantity 

must  -c  known  to  complete  the  description  of  a  correlation  array 

Just  as  in  the  calculation  of  the  average  output  voltage,  the  variance 

can  be  determined  by  the  characteristic  function  method,  in  this  case 

by  first  finding  E{(V,  V^V,)^}.  This  is  the  coefficient  of 
2  4  ^  ^  2. 

[(JEj)  /2.’  •  (j52)"^^'  '  (3^3)  /21]  in  the  same  power  series  expansion. 


E{(V^V2^V3)^}cc[^3R{0)^+6R(0)^R(tj3)^+12R(0)^R(tj2)^  + 

12R(Ql^R(T23)^i-24R{Tj2)^R{T23)^+48  R{0)R(t  j  2)R(t,  3)B(Tj3)j 


The  mean  and  the  variance  of  this  array  voltage,  each  normalised  to 
unity  at  (2fQX)  =  0®,  are  shown  in  Fig.  2. 

C.  BAND-LIMITED  RANDOM  SIGNALS,  SPECIAL  CASES 


In  the  previous  case  no  frequency  restriction  was  imposed  on 
the  multiplication  circuitry.  It  is  apparent  that  as  the  number  of 
antenna  elements  increases  this  operation  of  multiplication  will  impose 
frequency  bandwidth  requirements  which  may  be  difficult  to  meet.  For 
each  stage  of  multiplication  added  to  the  array  circuitry,  frequency 
requirements  are  doubled. 
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FIG.  2.— Mean  and  variance  of  output  voltage,  thr.  -element  correlation  array. 
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As  shown  in  the  equations  for  the  two  element  ^/roduct  array, 
the  output  voltage  consists  of  a  low  frequency  component  and  a 
component  centered  at  2fQ.  If  this  low  frequency  component  of  each 
product  pair  is  selected  by  a  low  pass  filter  for  use  in  subsequent 
stages  of  multiplication,  the  over- all  frequency  bandwidth  requirements 
of  the  correlation  circuits  are  kept  within  reasonable  bounds. 

In  this  case  the  directivity  pattern  cannot  be  obtained  from  the 
characteristic  function  but  must  be  calculated  from  the  low  frequency 
term  of  the  equation  for  the  two-element  product  pair.  By  rejecting 
the  double  frequency  component  some  increase  in  the  width  of  the 
directivity  pattern  must  be  expected.  It  is  also  noted  that  the  low 
frequency  component  Is  sensitive  primarily  to  the  spacing  between 
the  two  elements  of  each  pair.  The  spacing  between  different  product 
pairs  in  the  array  influences  the  sidelobe  level  through  the  (siniiBx)/(nB^) 
coefficients.  For  example,  consider  the  two-product-pair  coriei  tion 
array 


-  IQ  - 
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out 


i  r 


sin  X,  ,B 
34 

-iqiB-- 


sin  sin  X23B 


]co8(X^2  +  X34)2fQ  + 


^aijiX,,B  sinX-.B  sinX,*B  sinX^.B-.  ^ 

A-  34  ,  13  24  I  V  nr  I 

[  Xj^2^  X34B  ^^12  "^34^^01 


with  X^.  =  (:rd.^/c)  sin  <|).  Since  spacing  between  the  pairs  has  only  a 
secondary  effect  on  the  directivity  pat<^ern,  this  can  be  eliminated, 
giving  two  product  pairs  from  three  elements.  The  directiv’ity  pattern 


is  then  given  by  (with  relative  spacing  D  and  3D): 

T? — ^  )f ,sin  XB  8in3XBl  ,,,, 

33CB~J^°®  2(2fQX)  + 

fsinXB  sin  3XB  .  sin  4XB  1 

[-TS-  •  -33cb-  +  -IXS-  J 

As  a  comparison  of  the  directivity  patterns  which  result  from 
the  general  correlation  array  utilizing  all  frequencies  and  from  the 
low  frequency  correlation  array,  consider  a  four-element  array  under 
both  conditions: 
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With  relative  apacinga  =  ^D,  =  D,  =  2D,  the  equations 

for  the  two  cases  are 

1.  General  case 

V^^oc[  A  cos  9{2£qX)+  4B  cob  7(2fpX)  +  C  cos  S(UqX.)  + 

2D  cos  3{2ipX)  +  2E  cos  (2fQX)] 

2.  Low  frequency  case 

V^^oc[F  cos  7{Zi^X)+  G  cos  SlZf^X)  +  H  cos  3(2fQX)  + 

I  cos  (2fQX)] 

In  each  case  the  coefficients  A,  B,  •  •  •  •  are  functions  of  (sinnXB)/(n  XB) 
whose  values  are  approximately  unity  for  narrow  band  situations  and 
become  leso  than  one  only  in  wide-band  circuits.  Assuming  a  value 
of  unity  for  these  coefficients,  the  directivity  patterns  for  these  two 
cases  are  shown  in  Fig.  3. 
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22 


—Directivity  patterns,  four™  ement  correlation  arrays. 
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IV.  EFFECT  OF  FINITE  AVERAGING  TIME 


The  antenna  directivity  patterns  in  correlation  arrays  are  exact 
only  in  the  limit  of  infinite  averaging  time.  In  actual  correlators  this 
integration  time  w^ould  be  a  finite  interval  chosen  as  a  compromise 
between  the  desired  response  of  the  system  and  the  maximum  time  delay 
which  can  be  tolerated.  It  becomes  important,  then,  to  investigate  the 
system  performance  as  a  function  of  this  integration  time. 

An  expression  for  the  effect  of  an  averaging  device  can  be  ob¬ 
tained  from  general  filter  considerations.  ^  If  h(t)  is  the  effective 
weighting  function  of  a  linear  measuring  device,  and  x(t)  is  the  function 
to  be  measured,  a  measurement  M^{T)  made  at  time  t  =  T  after  x(t) 
has  been  introduced  at  t  =  0  can  be  expressed  by  the  convolution 


T 

M^(T)  =  ^  h(u)  x(T-u)  du 
0 


h(u)  =  0,  u  <  0 


where  (0,  T)  is  the  observation  interval.  will  vary  from  obser¬ 

vation  to  observation,  fluctuating  about  the  expected  value  )  with  a 
variance  cr  ^  =  M^(Tp  - 

In  the  general  situation,  x(t)  is  at  least  wide  sense  stationary, 

and 


1 

M^Cf)  =  ^  h(u)  x(T-u)  du 
0 

TT 

M^(T)^  ”  1  ^  xT^F^u^xTTiiv)  h(v)  du  dv 


0  0 
TT 


4(^(u-v)  h{v)  du  dv 


0  0 


where  4*^^  is  the  correlation  coefficient  of  the  function  to  bo  measured. 
For  an  ideal  integrator  h(u)  =  1/T,  0  <  u  <  T.  And 
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_ T 

f(l  --D-ys)  ds 

b 

7 

This  result  was  obtained  by  Davenport  in  an  early  study  of 
c  irrelation  detectors.  However,  his  einalysis  was  directed  to  a  des¬ 
cription  of  signal-to--noise  ratio  in  these  detectors,  while  the  present 
investigation  is  concerned  with  placing  confidence  intervals  around  the 
expected  value  of  the  output  voltage,  so  the  methods  of  utilizing  the 
information  in  these  equations  will  differ. 

The  information  required  for  this  statistical  description  of  the 
output  voltage  will  be  the  expected  value  and  the  autocorrelation  co¬ 
efficient  of  the  input  voltage  to  the  time  averager.  The  calculations 
will  be  discussed  in  some  detail  for  the  two-element  array,  and  then  the 
effect  of  more  elements  in  the  correlation  array  will  be  indicated. 

If  we  consider  the  usual  two-element  array,  an  arbitrarily  located 
signal  source  induces  a  band-limited  random  signal  Vj(t)  on  element  jfl 
and  V2(t)  =  V^(t  +  t)  on  element  #E.  Then,  after  multiplication 

Y(t)  =  Vj(t)V2{t)  =  Vj{t)Vj(t+T) 

TTt)  =  Ry(T) 

4;y(s)  =T7t7T[tTs)  =  V^(t)Vj(t+  T)Vj|t  +  s)Vj{t+  T  +  s) 

=  Ry(T +  Ry{s)^  +  Ry(T  +  s)Ry(T  -  s) 

The  last  term  of  this  expression  for  the  autocon  elation  coefficient 
of  the  product  voltage  becomes  rather  awkward  to  handle  in  the  equations 
for  the  integrator  circuit.  And  as  more  elements  are  added  to  the  array, 
the  corresponding  terms  in  their  product  equations  increase  tlie  complexity 
of  the  calculations.  Since  the  interest  here  is  in  the  change  in  integra¬ 
tion  time  required  as  the  number  of  elements  in  the  correlation  array 
increases,  an  approximation  for  the  correlation  coefficient  will  be  used 
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which  will  permit  straightforward  calculation  of  tne  integration 
characteristics. 

If  the  signal  source  is  located  in  the  principal  lobe  (t  =0),  the 
equations  for  the  product  voltage  become 

TTtT  =  P.y(O) 


.1-^(8)  =  R(0)^^  2R{s)^ 

r:  R(0)^1  +  2p(s)^ 

where  p(s)  is  the  normalized  autocorrelation  coefficient;  p(s)=  R(8)/R(0). 
Then  for  an  arbitrarily  located  source,  the  approximate  product  voltage 
equations  are 

W]  -  Ry{r) 

4-^(6)  «R^(t)^1  +  2p{s)^ 

This  approximation  is  good  for  positions  near  the  principal  lobe  axis 
and  fails  for  positions  that  make  Rylr)  quite  small  (Ry(T)— >  0). 

For  the  usual  rectangular  band-limited  voltage, 
p(s)  =  (sin  ir  Bs/tr  Bs)  cos  2trfQ8,  and  the  equations  for  the  ideal 
integrator  are 

=  Ryir) 


M 


y(Tr=  Ry(T)^  I 


1  +  2 


sin^nBs  2 
- y-  cos 

(irBs)'^ 


2Ttfo8j 


ds 


My(T)^  = 


Ry(T)^  4 


/  8inTrBs\‘^,/simrBs 
I  irBs  /  \  irBs 


The  solution  of  this  integral  can  be  expressed  in  two  parts,  the  first 
depending  on  the  low  frequency  components  o-  the  product  voltage,  the 
second  determined  by  the  double  frequency  component. 

My(T)^  =  Ry(T)^[  1  +  +  ni2£  ] 


ds 
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Or,  in  terme  of  the  variance  at  the  output  of  the  integrating  circuit, 


O'  =Ry(T)  + 

where 


Ll£2:L|II®J+  -L.  Si{2TrBT) - - - 5  Cin(2irBT) 

(ffBT)  ttBT  (ttBT) 


« 


i 

gr 


for  BT  »  1. 


m 


2f 


Si(2ffBT)  Si(2k?rBT)  .  (lcH)Si{2k+2)irBT  .  (k-l)Si(2k-2)TrBT 
'  rrST  tFST  *  StET  StBT 


ain^ffBT  cos^knBT  -  .  Cin(2kiTBT)  ^  Cin(2k+2)TrBT  ^ 

(ttBT)"  2{itBT)^  2(itBT)^  4(TrBT)^ 


Cin(2k~2)ffBT 
4(ffBT)^  , 

where  k  =  {4fQ)/B,  Si(x)  is  the  sine  integral,  and  Cin{x)  =/(l-co8  v/v)  dv 
The  standard  deviation  of  the  voltage  at  the  output  of  the  inte¬ 
gration  circuit  as  a  fu*  ction  of  the  integration  time,  T,  is  shown  in 
Fig.  4.  In  the  limit  as  T-»  0,  the  variance  is  2  Ry^r)  =  ZTT^jTT)  ,  as 
would  be  expected  for  the  Chi-square  distribution.  For  voltage  samples 
observed  without  integration,  a  95  per  cent  confidence  interval  on  the 
output  voltage  extends  from  zero  to  3.  84  As  integration  time 

increases,  the  confidence  Interval  becomes  smaller,  and  observed 
voltage  samples  would  cluster  more  and  more  closely  about  the  expected 
value,  My(T).  Figure  5  shows  this  narrowing  of  the  95  per  cent 
confidence  interval  as  integration  time  increases. 

It  should  be  noted  that  the  double  frequency  component  of  vari¬ 
ance  decays  rapidly  compared  to  the  low  frequency  component.  A 
correlator  whose  integration  time  is  long  compared  to  l/f^  may  still 
have  an  output  voltage  with  an  appreciable  variation  because  of  this 
low  frequency  variance.  If  the  input  circuits  of  the  integrator  rejected 
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this  double  frequency  component  of  the  product  voltage,  the  output 
voltage  would  fluctuate  with  only  the  low  frequency  component  of  vari¬ 
ance.  Regardless  of  this  circuitry,  however,  the  integration  time  that 
will  be  necessary  to  reduce  the  fluctuation  will  be  very  long  compared 
to  I/Iqi  and  the  double  frequency  component  of  variance  can  generally 
be  completely  neglected. 

Incidentally,  this  statistical  description  of  the  fluctuation  of  the 
output  voltage  of  a  two-element  correlation  array  is  the  same  as  the 
statistical  description  of  the  signal  power  output  of  a  linear  additive 
array.  The  only  difference  would  occur  in  the  magnitude  of  the  expected 
value,  Knowing  the  variance  of  the  linear  array  power  fluc¬ 

tuation  as  a  function  of  time,  we  can  compare  averaging  time  require¬ 
ments  of  more  complex  correlation  arrays  with  that  of  the  familiar 
additive  array. 

T..e  autocorrelation  coeffic'ent  of  the  product  voltage.  V{t).  '  \r 
general  correlation  arrays  will  be  calculated  in  the  same  manner  as 
for  the  two-elemcnt  array.  The  expected  value  of  the  product  voltage 
can  be  determined  from  the  characteristic  function  as  in  the  preceding 
section.  The  autocorrelation  coefficient  of  the  product  voltage  for  a 
source  located  on  the  main  lobe  axis  can  also  be  determined  by  the 
characteristic  function  method.  This  will  be  modified  by  inserting  the 
expected  value  of  the  arhilrarily  located  (-.Qurce,  and  the  resulting  form 
will  be  used  to  approximate  the  actual  autocorrelation  coefficient. 

The  expected  value  of  product  voltage  is  given  in  the  following 
table  for  a  few  values  of  the  number  of  elements,  n. 

ji_  m 

2  R(Tjp} 

4  R(v  ^ 24^  ^  H.(t  23^ 

6 

^  X  ^<  ’'lm)^^^no)^<'’pq'*  ^  n  o  ^  p  ^  q 

m,n,o,Rq=:2 
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The  characteristic  function  for  the  product  voltage  is 

F{|j,§2.8)  =E  {exp[jCjV(t)  +  j§2V(t+s)]} 


=  exp  [-  Sp.  (5  2  j 

Then  4'„(6)  i8  the  coefficient  of  (jf. )*^/n,'*{j5,)'''/n.'  in  the  power  series 

2i  i  b 

expansion  of  F(|j,  ^2'  ®)- 

n  i|jj^(s) 

2  Ylt)^  [1  +  2  p(b}^] 

4  Tlt)^  [9  +  72  p(B)^  +  24  p(8)'^] 

6  7[ty^  [  225  +  4050  p{Bl^  +  5400  pls)*^  +  720  p(s)^] 


Calculation  c'  the  variance,  for  the  usual  rectangular  band-limited 
voltage,  gives 


for  two  elements  (and  for  signal 
power  in  linear  ar»'ay) 

for  four  elements 

for  six  elements 


2  _  y  li  v2  1 

O-y  -  ^(t)  3^ 


4.  68 

IT" 


IS,  52 

-gTjr- 


in  all  cases,  BT  »  I 


This  last  table  shows  the  general  relationship  between  variance 
and  number  of  elements  in  a  correlation  array.  For  any  established 
level  of  fluctuation  in  the  output  voltage,  a  six-element  correlation 
array  will  require  an  integration  time  15.  5  times  as  long  as  is  required 
for  a  linear  array  (or  a  two-element  correlation  array).  In  the  pre¬ 
vious  section  the  directivity  pattern  of  a  correlation  array  was  found  to 
be  similar  to  that  of  a  much  longer  linear  array.  Thus  the  correlation 
process  in  antennas  is  seen  to  be  essentially  one  of  trading  space  for 
time. 
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V,  RESOLUTION  CHARACTERISTICS  OF  CORRELATION  ARRAYS 

In  deacribing  the  capability  of  a  correlation  array  to  resolve 
two  samilar  signal  sources  separated  by  an  angular  displacement  0, 
the  directivity  patterns  developed  in  Section  III  cannot  be  applied 
directly.  Since  the  correlation  arrays  depend  on  multiplicative  opera¬ 
tions,  the  presence  of  two  sources  causes  cross-product  terms  to 
appear.  These  terms  then  necessitate  additional  calculations  to 
determine  resolution  capability.  These  calculations  will  be  examined 
for  correlation  arrays  in  the  presence  of  single  frequency  sources  and 
randomly  varying  sources.  The  correlation  arrays  will  be  found  to 
have  resolution  capabilities  equivalent  to  those  of  longer  linear  arrays, 
if  the  sources  to  be  resolved  are  independent;  however,  for  coherent 
sources  resolution  may  be  possible  only  for  certain  specific  separa¬ 
tions  of  the  sources  and  not  as  a  general  rule. 

First,  let  us  examine  a  four-element  correlation  array  as 
developed  in  Section  III.  Assume  there  are  two  monochromatic  sources, 
source  A  (V^  =  A  cos  w^t)  and  source  B  (Vg  =  B  cos  Ugt),  separated  by 
an  angular  displacement  0°,  The  general  expression  for  the  voltage 
response  of  the  array  as  a  function  of  position  of  the  sources  is  quite 
lengthy,  and  is  developed  in  Appendix  I.  It  is  found  to  depend  on  the 
coherence  of  the  sources.  The  two  cases  that  occur  can  be  summarized; 

1.  For  tv/O  coherent  sources; 

VoutOc  a‘^(co8  X+cos  3X+COS  5X)  +  b'^(cos  Y  +  cos  3Y  +  co8  5Y) 

+  A^B  f[co8(nX-mY)]  +  A^B^  f  [  cos  (nX-mY)]  +  AB^f[costiX-mY)] 

2.  For  two  sources  of  slightly  different  frequencies; 

Vou^oc  A^(co5  X+ cos  3X  +  cos  5X)+  B^(cos  Y  +  cos  3  Y  +  cos  5Y) 

+  A^Bf[cos(nX-mY)<cos  6t]  + AB^f[  cos  (nX-mY)»coe  6t] 

+  A^B^f  [cos  (nX-mY)'  cos  6t]  +  A^B^  f  [  cos  (nX-mY/] 
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where  X  =  («D/c)  sin  and  Y  =  (uD/c)  sin  <i)g  are  the  phase  delay 
factors  for  the  two  sources  with  element  spacing  D,  and  f  [  cos(nX“mY)] 
represents  a  number  of  cosine  terms  containing  these  phase  delay 
factors,  while  f[  cos  (nX-mY)-co8  6t]  represents  a  number  of  these 
cosine  terms  modified  by  the  beat  frequency  component,  Ot,  between 
source  A  and  source  B. 

In  both  of  these  equations,  the  first  two  terms  correspond  to 
the  voltage  response  pattern  of  a  linear  antenna  array  in  the  presence 
of  two  sources.  The  remaining  terms  arise  from  the  nonlinearity  of 
the  correlation  array.  In  the  case  of  two  sources  with  identical  fre¬ 
quencies,  the  cross-product  terms  are  constant  with  time  and  averaging 
the  output  voltage  will  not  alter  the  result.  When  the  sources  have 
different  frequencies,  however,  time  averaging  can  be  employed  to 
reduce  the  heat  frequency  (cos  6t)  part  of  the  cross-product  terms; 
but  even  in  this  case  the  resulting  voltage  response  pattern  will  not  be 
precisely  equivalent  to  that  of  the  linear  array,  since  some  of  the  cross- 
pi  oduct  terms  will  remain  constant  with  time  and  will  contribute  to  the 
dc  component  of  the  output  voltage. 

The  voltage  response  pattern  of  this  four-element  correlation 
array  as  the  array  is  rotated  past  a  pair  of  coherent  signal  sources 
separated  by  an  angular  displacement  of  20°  is  shown  in  Fig.  6.  In 
this  case  the  cross-products  result  in  an  apparent  indication  of  a  single 
source  located  midway  between  the  actual  pair  of  sources.  This  four- 
element  correlation  array  will  resolve  sources  with  an  angular  separation 
of  14°  and  with  an  angular  separation  of  28°,  but  a  pair  of  sources  whose 
angular  separation  is  in  the  range  0°-13°  or  in  the  range  15°-26°  will 
not  be  resolved  by  the  array. 

It  .should  be  noted  that  if  the  correlator  contains  only  one  stage 
of  multiplication,  then  the  cross-product  terms  occurring  from  two 
sources  of  different  frequencies  appear  only  as  beat  frequency  components. 
These  terms  describe  a  low  frequency  ac  signal  appearing  with  the 
desired  dc  measurement  vo'tage.  In  this  case  the  cross-product  terms 
can  be  minimized  by  time  averaging  the  output  voltage.  However,  if 
more  than  one  stage  of  multiplication  occurs  between  the  antenna  element 
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Voltage  rcBpoase  pattern,  four-element 


{V,  RESOLUTION  CHARACTERISTICS 
OF  CORRELATION  ARRAYS) 


and  the  output  of  the  array  (as  is  the  case  in  the  example  of  the  four- 
element  correlation  array),  the  cross-product  terms  will  occur  as  low 
frequency  ac  terms  and  also  as  dc  terms.  In  this  case  the  equivalence 
between  the  correlation  arrays  and  the  linear  arrays  is  not  immediately 
apparent  but  must  be  determined  by  calculation  of  resolution  character¬ 
istics  for  the  particular  type  of  signal  encountered. 

Assuming  a  basic  spacing  D  =  X./2,  the  four-element  correlation 
array  of  length  4D  will  resolve  two  sources  of  slightly  different  fre¬ 
quencies  at  approximately  19.  5°.  This  is  equivalent  to  the  resolution 
of  a  uniform  linear  array  with  an  aperture  of  9D,  about  twice  as  long. 

A  slightly  more  complex  example  of  a  correlation  array  is  one 

g 

discussed  by  Drane: 


The  clement  on  the  left  represents  a  uniform  linear  array  with  aperture 
2a,  while  that  on  the  right  is  a  simple  interferometer  with  aperture  2b, 

The  directivity  pattern  of  the  uniform  linear  array  is  proportional 
to  (sin  X//X,  where  X  =  w(a/c)  sin  ij).  The  directivity  pattern  of  the 
interferometer  is  proportional  to  cos  Y,  where  Y  =  u(b/c)  sin  <(>.  If 
a  =  b  and  there  is  no  spacing  betwen  the  right  end  of  the  linear  array 
and  tlie  left  element  of  the  interferometer,  the  directivity  pattern  of 
the  correlation  array  is 


V  .  oc 
out 


sin  4X 
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v/hich  is  the  same  as  the  directivity  pattern  of  a  uniform  linear  array 
of  twice  the  length  of  this  correlation  array. 

However,  if  two  coherent  sources  are  present  the  output  becomes 


sin  4X , 


sin  4X 


V  ^oc 
out 


B 


■25“ 


■"sin  X.  cos  X_  cosX.sinXp.' 
+  cos(X^+xJ - ^ - 5  + 


tf: 


■B 


The  third  term  again  occurs  because  of  the  nonlinearity  of  the  correlator. 
Calculation  of  the  resolution  capability  of  this  s-rray  shows  that  it  is 
equivalent  to  a  uniform  linear  array  1-1/2  times  as  long  as  the  cor¬ 
relation  array. 

These  have  been  only  two  examples  of  the  effect  of  cross-product 
terms  in  a  correlation  array  in  the  presence  of  monochromatic  sources. 
In  each  case  that  might  be  considered,  the  effect  of  these  teims  would 
vary,  depending  on  the  types  of  signal  voltages  emitted  by  the  sources 
and  by  the  n  mber  of  successive  multiplicative  processes  in  the  cor¬ 
relator. 

When  two  statistically  similar  sources  are  inducing  randomly 
varying  voltages  on  the  antenna  elements,  the  resolution  capabilities 
of  the  correlation  array  must  be  expressed  in  terms  of  integration 
times  and  confidence  intervals.  Consider  again  the  four-element  cor¬ 
relation  array  and  two  independent  sources  (source  A  and  source  B), 

Then  the  expected  value  of  the  output  voltage  can  be  calculated  either 
directly  or  by  the  characteristic  function  method  and  can  be  expressed 
in  terms  of  the  correlation  coefficients  of  the  individual  voltages.  The 
voltage  induced  on  the  i-th  element  is 


Vj{t)  ^  V^(t  +  T.)  f  +  T.) 

and 


W)  =  = 

^  f  z'^A^  34^  1 3 ^*^A^ "  24^  ^A^  1 4^^A^  23^  ^ 

+  [  Rg{T  *^23^  ^ 

^  ^A^  1 2^®-B^'^  34^'*'  ^A^^  1  3^^B^  24^  ®-A^  ^  1 4^^B^  23^ 

+  R^{ T 34)^3^  1 2^  ^A^ '  24^A^ 1 3 '  ^A^  23 1 4^  ^ 
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The  first  and  second  lines  in  this  expression  give  the  expected  voltages 
due  to  each  source  individually.  The  third  and  fourth  lines  contain  the 
cross-product  components  which  occur  as  a  result  of  the  two  stages  of 
multiplication  of  the  element  voltages. 

The  variance  of  this  output  voltage  could  be  calculated  directly; 
however,  the  large  number  of  terms  in  the  final  expression  would  make 
this  quite  laborious.  Therefore,  this  quantity  will  be  approximated  as 
previously  by  considering  the  variance  of  the  voltage  produced  by  a 
single  source  on  the  main  lobe  axis  and  then  introducing  the  new  value 
of  Y(i)  given  by  the  equation  above. 

With  an  arbitrary  angular  displacement  between  the  two  sources, 
and  a  given  level  of  confidence  desired  in  the  result,  it  is  possible  to 
calculate  the  maximum  variance  which  will  permit  a  significant  differ¬ 
ence  in  the  amplitude  of  the  output  voltage  when  the  array  is  directed 
at  a  Source  aru'  when  it  is  directed  between  the  sources.  This  value 
of  variance  can  then  be  used  to  determine  the  minimum  permissible 
integration  time.  So  the  array  resolution  is  a  function  of  two  quantities: 
level  of  confidence  and  integration  time. 

The  resolution  capabilities  of  the  simple  four-element  correlation 
array  are  listed  in  the  following  table.  They  are  compared  with  those 
of  a  linear  array. 

Random  Signals 

Resolution  at  the  95  Per  Cent  Confidence  Level 

Four-Element  Correlation  Array  Aperture  of  Equivalent 

Length  4D  Uniform  Linear  Array 


Resolution 

Integration  Time 

19° 

BT  =  18 

9.  6  D 

18° 

BT  =  97 

9.  4  D 

17.  5° 

BT  =  890 

9.  2  D 

17° 

BT  =  00 
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VI.  .SUM>.1ARY 

Consideration  of  antenna  arrays  designed  to  receive  randonfily 
varying  signals  buried  in  a  noisy  medium  is  facilitated  by  the  use  of 
statistical  correlation  techniques.  With  the  familiar  linear  additive 
array,  the  correlation  coefficients  of  signal  and  of  spatially  distributed 
noise  can  be  used  to  obtain  the  element  spacing  for  optimum  signal 
reception.  With  nonlinear  arrays  the  output  voltage  again  is  expressed 
in  terms  of  the  correlation  coefficients  of  the  signal  and  noise  voltages 
induced  on  the  elements. 

The  directivity  patterns  obtained  for  the  nonlinear  arrays  were 
shown  to  be  equivalent  to  those  of  linear  arrays  of  greater  length.  These 
patterns,  and  an  analysis  of  the  averaging  time  required  to  perform  the 
correlation  process,  show  that  the  correlation  technique  in  antennas 
is  an  exchange  of  length  for  time. 

When  more  than  one  signal  source  is  present,  the  correlation 
array  encounters  difficulties  from  the  cross-product  terms  occurring 
in  the  multiplication  processes.  With  tv.-o  <'oherent  sources,  resolution 
may  only  be  possible  at  specific  separations,  rather  than  over  a  general 
range  of  separations.  In  this  case,  each  array  must  be  examined  under 
the  actual  signal  source  conditions  to  determine  exact  behavior.  With 
independent  sources,  the  process  of  correlation  reduces  the  cross- 
product  effect,  and  the  principle  '-I  length-time  exchange  is  again  valid. 

This  is  the  second  report  in  this  general  study  of  correlation 
techniques  in  antenna  systems.  Future  work  will  be  concerned  with  a 
study  of  correlation  arrays  in  the  presence  of  distributed  noise,  and 
with  a  determination  of  conditions  of  signals  under  which  correlation 
arrays  are  superior  to  linear  arrays. 
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APPENDIX  1:  CALCULATION  OF  VOLTAGE 
RESPONSE  PATTERNS  WITH  TWO  SIGNAL  SOURCES 

The  antenna  will  be  a  four-element  correlation  array  with  rela¬ 
tive  spacings  ^22"  *^34  “  ®  “  X./2.  The  voltage 


induced  on  the  i-th  element  by  signal  source  A  is  =  A  cos 
and  that  by  signal  source  B  is  Vg  =  B  cos  ’where  *r^. 

=  (di/c)  sinipg.  The  signals  which  are  interesting  in  this  study  of 
correlation  processes  are  grouped  into  two  cases:  (1)  coherent  signals 
(u^siWg)  and  (2)  signals  with  slightly  different  frequencies  {wg-u^=  dw). 
Therefore,  (u.  d./c)a  («„d./c)  and  the  following  notation  can  be  used: 

A  1  Jtj  1 


sin 


and 


sin  i<)g 


Then  the  product  of  the  four-element  voltages  can  be  written: 

V  =  {[A  cos  w^t  +  B  cos  Wgt]f  A  cos  {w^t  +  X)  +  B  cos(ugt  +  Y)]- 

•  [  A  cos{u^t  +  2X)+  B  cos  (Wgt  +  2Y)]  [  A  co6{a)^+  4X]'  +  B  cos{<i^t  +  lY)]  } 
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C&rrving  out  the  indicated  :nu,  .iplications,  and  rejecting  the  multiple 
frequency  components  {  2.j  and  4m),  gives 

4  4 

V  =  •^[  cos  X  +  cos  3X-^  CCS  5X]  +  ^-[cos  Y  +  cos  3y  +  cos  5Y  J 

.3^ 

t-  [cos(x+5(ot)+cosj3X-5fe;t)  +cc‘)i5X>5'j;t)  +coe{X+4Y+6wt J 

+  cca(X-4Y  -out)  -{•co8(  <X+Y+6wt)  +cos(2X- Y-6ut)  +cos(3X+2Yr  out) 
r  ccis{3X'*2i’-5ut)  ••ccs(3.i-'4Y-- out;  i-ccs(5X-2Y-6ut) +cos(6X-Y“6ut)  ] 

+  -g— Icosi  Y~6ut)  +cofi(3Y+6utj  4co8(‘'Yfcut)  +cf5s(l’+4X-6ut} 

+  cos(Y-4X+uut)  fCcs(2Y-»X*6ut)+cos(2Y-X+f5ut)  +cos(3Y+2X-6ut} 

+  cos(  3Y-2Xt  6yt>--cos(3Y-4X-t6ui)  •♦•cos(5y>2X+6ut)  t  cog{6Y -X+it't)  ] 

+  ^2^[cos(X+2Y)+!:os{X-2Y:.-^cosiXv'iy)+cos(X-4Y)+cos(2X+Y)+coii.2X-Y) 

■c  cos(2X+3Y)i-coiv(2X-3Y)+cc>sf3X+2Y)4-coG^  X-2Y)+co5{4X+Y) 

+  co8(4X-y)+co6(X-6Y-26ut}TCoai  iX~5V-26(ot)-!-coa(3X-4y-26u., 

+  cos(4X-?Y-26ut)+coa(5X-2y-26a.i)+co8{6X-Y'-26ut)] 

Although  this  is  a  formidable  expression,  tlje  capability  of  the 
array  to  resolve  the  two  sources  can  be  estimated  by  examining  tv-o 
simplified  equations; 

Case  1.  ,  .  when  source  A  is  located  on  the  principal  lobe  of  the  array 
(X  =  0), 

Case  2.  .  .  when  the  principal  lobe  of  the  array  is  directed  between  the 
two  sources  (X  -  Y). 

If  it  is  assumed  that  A  -  B  and  that  bio  -  0,  then  the  equations  for  these 
two  cases  are; 

Case  1  . 

A^  c 

V  =  -g—  [6  +  12  cos  Z'  T  10  cos  2Z'  +  8  cos  3Z'  +  6  co»  4Z' 

+  4  cos  5Z'  +  2  cos  6Z'J 

Case  2  ^ 

V  (12  cos  Z"  t  12  cos  3Z"  +  12  cos  5Z"  +  12  coa  7Z"] 
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where,  v/ith  the  angular  dia placement  of  the  sources  denoted  by  6, 

A 

Z’  =  ir  sin  0,  and  Z"  =  ir  sin 

Resolution  of  the  two  sources  is  certainly  possible  when  the  magnitude 
of  the  voltage  response  with  the  main  lobe  directed  between  the  sources 
(case  2)  is  less  than  the  magnitude  of  the  voltage  response  with  the 
main  lobe  directed  at  one  of  the  sources  (case  1).  Although  this  is 
not  the  only  condition  under  which  resolution  will  occur,  a  comparison 
of  these  two  voltage  responses  as  functions  of  the  separation  of  the 
sources  should  indicate  the  general  action  of  the  array  in  the  oresence 
of  two  sources.  Resolution  is  certain  for  separations  of  approximately 


in  degrees 

VOLTAGE  RESPONSE  OF  AK«AY  AS  A  FUNCTION  OF 
SEPARATION  OF  SOURCES. 

Dashed  line:  .mam  lobe  directed  at  one  source. 

Solid  line:  main  lobe  directed  between  sources. 
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.14^,  29°;  and  42°  wH-.i'e  the  voltage  reaponse  for  the  main  lobe 
directed  betAe,in  the  sources  drops  to  r.ero.  It  is  interesting  to  note 
that  the  voltage  respenae  when  the  main  lobe  is  directed  at  one  of  the 
sources  is  uniformly  low,  and  the  array  will  not  indicate  a  maximum 
voltage  response  for  this  orientation.  The  general  voltage  response 
patterns  of  this  array  lor  sever?!  specific  source  separations  are 
shown  in  the  accompanying  diagrams^  (Figs,  7,  8  and  9). 
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FIG.  7. -Voltage  response  pattern,  four-element  correlation  array 
and  two  coherent  signal  sources.  Voltage  normalized  to  unity  for 
maximum  response  of  two  coincident  signal  sources. 
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FIG.  8.— Voltage  response  pattern,  four-elemer.t  correlation  array 
and  two  coherent  signal  sources.  Voltage  normalized  to  unity  for 
maximum  response  of  two  coincident  signal  sources. 
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FIG.  9.— Voltag?  response  pattern,  four- element  correlation  array 
and  two  coherent  signal  sources.  Voltage  normalized  to  unity  for 
maximum  response  of  two  coincident  signal  sources, 

A  similar  response  pattern,  resolving  the  two  sources,  can  be 
obtained  with  a  linear  antenna  with  aperture  3>,  (6D),  This  ia 
approximately  the  same  length  as  the  correlation  array  whose 
patterns  are  plotted  here. 
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